Maslov index in semi-Riemannian submersions by Caponio, Erasmo et al.
ar
X
iv
:0
90
5.
03
45
v2
  [
ma
th.
DG
]  
6 S
ep
 20
10
MASLOV INDEX IN SEMI-RIEMANNIAN SUBMERSIONS
ERASMO CAPONIO, MIGUEL ANGEL JAVALOYES, AND PAOLO PICCIONE
Abstract. We study focal points and Maslov index of a horizontal geodesic
γ : I → M in the total space of a semi-Riemannian submersion pi : M → B
by determining an explicit relation with the corresponding objects along the
projected geodesic pi ◦ γ : I → B in the base space. We use this result to
calculate the focal Maslov index of a (spacelike) geodesic in a stationary space-
time which is orthogonal to a timelike Killing vector field.
Contents
1. Introduction ............................................................................................ 2
2. Preliminaries ........................................................................................... 4
2.1. The Maslov index....................................................................... 4
2.2. Symplectic systems .................................................................... 5
2.3. The symplectic system associated to a semi-Riemannian geo-
desic ................................................................................ 6
3. Semi-Riemannian submersions and lifts .................................................. 7
3.1. Semi-Riemannian submersions ................................................... 7
3.2. Fundamental tensors of a submersion ........................................ 9
3.3. The tangent space to a non-degenerate distribution .................. 9
3.4. Horizontal curves and infinitesimally horizontal vector fields .... 10
3.5. Basic horizontal vector fields...................................................... 11
4. Horizontal geodesics ................................................................................ 12
4.1. The derived vector field.............................................................. 12
4.2. Infinitesimally horizontal vector fields........................................ 13
5. Maslov index of horizontal geodesics....................................................... 14
5.1. Q-Jacobi fields............................................................................ 14
5.2. Q-Maslov index .......................................................................... 15
Date: January 8th, 2010.
2000 Mathematics Subject Classification. 53C50.
Key words and phrases. semi-Riemannian submersions, O’Neill tensors, Maslov index.
First author is supported by M.I.U.R. Research project PRIN07 ”Metodi Variazionali e Topo-
logici nello Studio di Fenomeni Nonlineari”. Second author was partially supported by Regional J.
Andaluc´ıa Grant P06-FQM-01951, by Fundacio´n Se´neca project 04540/GERM/06 and by Span-
ish MEC Grant MTM2009-10418. The third author is sponsored by Capes, Brazil, grant BEX
1509/08-0.
1
2 E. CAPONIO, M. A. JAVALOYES, AND P. PICCIONE
5.3. Index form.................................................................................. 17
5.4. Applications ............................................................................... 18
References...................................................................................................... 19
1. Introduction
Riemannian submersions were introduced in the sixties by B. O’Neill and A.
Gray (see [6, 15, 16]) as a tool to study the geometry of a Riemannian manifold
with an additional structure in terms of certain components, that is, the fibers and
the base space. A Riemannian submersion is a map π : M → B whose differential
dπp : TpM → Tpi(p)B is surjective for all p, and such that its restriction to the space
orthogonal to the fibers is an isometry with Tpi(p)B. The notion of Riemannian
submersion can be naturally extended to the case where the metric tensor is not
positive definite, i.e., to the semi-Riemannian case. The novelty here is that both
the total space and the base may have non positive definite metric tensors, and the
interesting observation is that the fibers of the submersion, which are embedded
submanifolds of the total space, are automatically non-degenerate. Most of the
results for Riemannian submersions, whose proofs involve only the relations between
the Levi–Civita connections of the metrics ofM and of B can be reproduced in the
semi-Riemannian case by adapting carefully the Riemannian proofs. For instance,
a well known result by Hermann characterizes which Riemannian fibrations are
fiber bundles (see [8]); a similar result can be obtained in the semi-Riemannian
case with suitable modifications of Hermann’s original proof (see Proposition 3.5).
The situation becomes a little more involved when it gets to conjugate or focal
points, or to questions involving Morse index. Note in fact that conjugate/focal
points may accumulate in semi-Riemannian geometry (see [22]), the Morse index
is always infinite, and its natural substitute, the Maslov index, is not computed
directly using the multiplicities of the conjugate/focal points. In one of the classical
papers by O’Neill (see [16]), the author shows a correspondence between horizontal
geodesics in the total space of a submersion and geodesics in the base manifold,
as well as relations between Jacobi fields, conjugate points and Morse index of the
two families of geodesics. This analysis cannot be carried over to the general semi-
Riemannian case with the techniques of [16], and the goal of the present paper is
to extend the results in [16] to semi-Riemannian submersions. Our motivation for
this kind of analysis comes from specific examples of semi-Riemannian submersions,
namely, stationary and Kaluza-Klein spacetimes.
By a recent result of Javaloyes and Sa´nchez (see [12]) a distinguishing stationary
spacetime has a standard form, i.e. given any complete timelike Killing vector field,
there exists a global spacetime decomposition of the form S ×R, with Killing field
tangent to the fiber R and S a spacelike hypersurface. In this case, the projection
onto S is a semi-Riemannian submersion, and the base space is Riemannian, thus
one can prove a Riemannian global behavior for the spacelike Lorentzian geodesics
that are orthogonal to some complete timelike Killing vector field (see Proposition
5.8). On the other hand, in its most general setting, the geometry of a Kaluza-Klein
spacetime can be described as a semi-Riemannian submersion π : M˜ → M , where
M is the four dimensional spacetime, while M˜ is the multidimensional one. We
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will show that conjugate points in a horizontal causal geodesic determine conjugate
points in its projection (see Proposition 5.10).
The central issue in this paper is to study the Maslov index of a horizontal
geodesic. The Maslov index of a semi-Riemannian geodesic can be thought as an
algebraic count of the singularities of the exponential map along the geodesic. It was
A. Helfer (see [7]) the first one to apply the abstract notion of the Maslov index, that
is, an intersection number in the Lagrangian Grassmannian of a symplectic space,
to the context of semi-Riemannian geodesics. This has been an essential tool in
the development of Morse theory and bifurcation theory for the strongly indefinite
semi-Riemannian geodesic problem (see for instance [13, 18]). The main result of
this paper is that the Maslov index of a horizontal geodesic γ in the total space of
a semi-Riemannian submersion π : M → B, and relative to an initial orthogonal
manifold Q = π−1(P), is equal to the Maslov index of the projected geodesic π ◦γ :
I → B relative to the initial orthogonal submanifold P . Under a certain (generic)
non-degenerate situation, this is proved directly by showing that corresponding
conjugate points on γ and on π ◦ γ give the same contribution to the Maslov index
(Proposition 5.3). For the general, i.e., possibly degenerate, case (Theorem 5.4)
the proof is obtained by comparing the Lagrangian curves arising from the Jacobi
equations along the geodesics, and establishing a certain decomposition property
of the Lagrangian curve associated to the horizontal geodesic.
The Maslov index of a geodesic is computed using a trivialization of the tangent
bundle along the geodesic. In the standard literature, it is customary to define
this index using parallel trivializations along the geodesic. However, in order to
prove the equality between the Maslov indexes of a horizontal geodesic and its
projection, parallel trivializations do not work, because the projection onto the base
does not preserve parallelism. This forces us to use more general trivializations,
and some preliminary results on the independence of the Maslov index by arbitrary
trivializations are necessary (see Section 2).
A second problem to be studied is the question of lifting curves in the base to
horizontal curves in the total space, and lifting vector fields along curves in the base
to infinitesimally horizontal vector fields along horizontal curves. In Section 4 we
study this problem, giving a geometric characterization for the derived vector field,
introduced by O’Neill in [16]. A vector field along a horizontal curve is infinitesi-
mally horizontal if it is the variational vector field of a variation by other horizontal
curves. The study of these fields goes through an analysis of the tangent bundle
to an abstract distribution D on a manifold M endowed with a connection, seen as
a submanifold of the tangent bundle TM (see Subsection 3.4). This analysis uses
the notion of second fundamental form of a distribution, which in the case of the
horizontal distribution of a semi-Riemannian submersion is computed in terms of
the fundamental tensors of the submersion (Subsection 3.2). The relation between
the second fundamental form of a semi-Riemannian submanifold in the base and
the second fundamental form of its lift to the total space is studied in Proposition
3.11.
In the last part of the paper we study the index forms along a horizontal geodesic
and its projection (Theorem 5.6), and we discuss a few applications of our results
in stationary and Kaluza-Klein spacetimes and in bifurcation theory of geodesics
(Subsection 5.4).
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2. Preliminaries
The literature on the notion of Maslov index and its applications is extremely
rich, see for instance references [3, 4, 14, 24, 25]. We will give here a short account of
the basics needed for our purposes. The goal is proving an invariance property of the
Maslov index of a semi-Riemannian geodesic by arbitrary changes of trivialization
of the tangent bundle along the geodesic (Proposition 2.2).
2.1. The Maslov index. Let us consider a symplectic space (V, ω), with dim(V ) =
2n; we will denote by Sp(V, ω) the symplectic group of (V, ω), which is the closed Lie
subgroup of GL(V ) consisting of all isomorphisms that preserve ω. A subspaceX ⊂
V is isotropic if the restriction of ω to X×X vanishes identically; an n-dimensional
(i.e., maximal) isotropic subspace L of V is called a Lagrangian subspace. We
denote by Λ the Lagrangian Grassmannian of (V, ω), which is the collection of
all Lagrangian subspaces of (V, ω), and is a compact differentiable manifold of
dimension 12n(n + 1). A real-analytic atlas of charts on Λ is given as follows.
Given a Lagrangian decomposition (L0, L1) of V , i.e., L0, L1 ∈ Λ are transverse
Lagrangians, so that V = L0 ⊕ L1, then denote by Λ
0(L1) the open and dense
subset of Λ consisting of all Lagrangians L transverse to L1. A diffeomorphism
ϕL0,L1 from Λ
0(L1) to the vector space Bsym(L0) of all symmetric bilinear forms
on L0 is defined by ϕL0,L1(L) = ω(T ·, ·)|L0×L0 , where T : L0 → L1 is the unique
linear map whose graph in L0 ⊕ L1 = V is L. The kernel of ϕL0,L1(L) is the space
L ∩ L0.
Let us now briefly recall the notion of Maslov index for a continuous path ℓ :
[a, b]→ Λ. More details on the theory can be found in [23]. For a fixed Lagrangian
L0 ∈ Λ, the L0-Maslov index µL0(ℓ) of ℓ is the half-integer characterized by the
following properties:
(a) µL0 is fixed-endpoint homotopy invariant;
(b) µL0 is additive by concatenation;
(c) if ℓ
(
[a, b]) ⊂ Λ0(L1) for some Lagrangian L1 transverse to L0, then
µL0(ℓ) =
1
2 sign
[
ϕL0,L1
(
ℓ(b)
)]
− 12 sign
[
ϕL0,L1
(
ℓ(a)
)]
.
The Maslov index is invariant by symplectomorphisms, i.e., given two symplectic
spaces (V1, ω1), (V2, ω2), a continuous Lagrangian path ℓ : [a, b]→ Λ(V1, ω1), a fixed
Lagrangian L0 ∈ Λ(V1, ω1) and a symplectomorphism φ0 : (V1, ω1)→ (V2, ω2), then
setting ℓ˜(t) = φ0
(
ℓ(t)
)
and L˜0 = φ0(L0), one has µL0(ℓ) = µL˜0(ℓ˜). Moreover, the
Maslov index is additive by direct sums of symplectic spaces in the following sense.
Let (V, ω) = (V1 ⊕ V1, ω1 ⊕ ω2) be a decomposition of (V, ω) as the direct sum of
the symplectic subspaces (V1, ω1) and (V2, ω2). Let L0 and ℓ(t) be Lagrangians of
(V, ω) such that Li0 = L0 ∩ Vi and ℓ
i(t) = ℓ(t) ∩ Vi are Lagrangians of (Vi, ωi) for
i = 1, 2 and t ∈ [a, b]. Then
µL0(ℓ) = µL1
0
(ℓ1) + µL2
0
(ℓ2).
Lemma 2.1. Let (V, ω) and (V˜ , ω˜) be two symplectic spaces, L0 a Lagrangian of
(V, ω), [a, b] ∋ t → ℓ(t) a Lagrangian path in (V, ω) and φt : V → V˜ with t ∈ [a, b]
a continuous family of symplectomorphisms such that φt(L0) is constantly equal to
L˜0. Consider the Lagrangian path in (V˜ , ω˜) defined as [a, b] ∋ t → ℓ˜(t) = φt(ℓ(t)).
Then the Maslov index µL0(ℓ) coincides with µL˜0(ℓ˜).
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Proof. An easy homotopy argument, see [23, Proposition 5.4.3, Proposition 5.4.5]

2.2. Symplectic systems. Consider the symplectic space V = Rn⊕Rn∗ endowed
with the symplectic form ω
(
(v, α), (w, β)
)
= β(v)−α(w). Let Sp(2n,R) denote the
symplectic group, i.e., the group of all isomorphisms T : V → V that preserve ω,
and let sp(2n,R) denote its Lie algebra. Written in n×n blocks, an endomorphism(
A B
C D
)
belongs to sp(2n,R) if and only if B and C are symmetric and D = −A∗.
A symplectic system is a system of differential equations:
(2.1)
(
v
α
)′
= X(t)
(
v
α
)
,
where X : [a, b] → sp(2n,R) is a continuous map. The flow of the symplectic
system (2.1) is the C1-curve Φ : [a, b]→ Sp(2n,R) satisfying Φ′(t) = X(t)Φ(t) and
Φ(a) = Id.
Let Λ denote the Lagrangian Grassmannian of (V, ω) and set L0 = {0} ⊕ R
n∗;
one has a curve ℓ : [a, b] → Λ of class C1 given by ℓ(t) = Φ(t)
[
L0
]
. We define the
Maslov index of the symplectic system (2.1) to be the L0-Maslov index µL0(ℓ) of
the curve ℓ.
Consider two continuous maps X1, X2 : [a, b]→ sp(2n,R), with:
X1 =
(
A1 B1
C1 −A
∗
1
)
, X2 =
(
A2 B2
C2 −A
∗
2
)
;
the corresponding symplectic systems are isomorphic if there exists a C2-map Z :
[a, b] → GL(Rn) and a C1-map W : [a, b] → Lin(Rn,Rn∗) of symmetric linear
operators such that:
(2.2)
A2 = ZA1Z
−1 − ZB1WZ
−1 + Z ′Z−1,
B2 = ZB1Z
∗,
C2 = Z
∗−1(WA1 + C1 −WB1W +A
∗
1W +W
′)Z−1.
It is proved in [20, Proposition 2.10.2] that isomorphic symplectic systems have the
same Maslov index, under an (unnecessary) assumption that the final instant is
non-conjugate. The proof for the general case is obtained easily using the following
facts:
• if ℓ1, ℓ2 : [a, b] → Λ denote the curve of Lagrangians associated to the
isomorphic symplectic systems above, then the following relation holds:
(2.3) ℓ2(t) = φ0(t)
[
ℓ1(t)
]
, ∀ t ∈ [a, b],
where φ0(t) is the symplectomorphism:
(2.4) φ0(t) =
(
Z(t) 0
Z(t)∗−1W (t) Z(t)∗−1
)
.
• φ0(t) preserves L0 for all t ∈ [a, b].
• If φ0 is a continuous path of symplectomorphisms that preserve a La-
grangian L0 and ℓ is any continuous curve in Λ, then the L0-Maslov index
of ℓ equals the L0-Maslov index of the curve t 7→ φ0(t)
[
ℓ(t)
]
(see Lemma
2.1).
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We observe that (2.2) is equivalent to X2 = φ
′
0φ
−1
0 + φ0X1φ
−1
0 . Moreover, if Φ1
and Φ2 are the flows of the symplectic systems described by X1 and X2, then (2.2)
is also equivalent to Φ2 = φ0Φ1.
2.3. The symplectic system associated to a semi-Riemannian geodesic.
Let now (M, g) be an n-dimensional semi-Riemannian manifold with Levi–Civita
connection ∇, and let γ : [a, b] → M be a geodesic. For all t ∈ [a, b], let Rt :
Tγ(t)M → Tγ(t)M be the g-symmetric endomorphism R
(
γ˙(t), ·
)
γ˙(t), where R is
the curvature tensor of ∇ chosen with the sign convention R(X,Y ) = [∇X ,∇Y ]−
∇[X,Y ]. Consider any smooth (C
2) trivialization
(2.5) p(t) : Rn
∼=
−→ Tγ(t)M
of the pull-back bundle γ∗TM . Associated to this setup, we have the following
objects:
• a continuous path g˜t of non-degenerate symmetric bilinear forms on R
n
defined as the pull-back g˜t = p(t)
∗gγ(t);
• a continuous path of endomorphisms R˜(t) : Rn → Rn defined by the com-
mutative diagram:
Tγ(t)M
Rt // Tγ(t)M
R
n
p(t)
OO
R˜(t)
// R
n
p(t)
OO
For all t, R˜(t) is g˜t-symmetric.
• A continuous map ̟ : [a, b]→ gl(Rn) that relates the covariant derivative
of vector fields along γ with the corresponding curves in Rn by the following
formula:
(2.6) Ddt
[
p(t)v˜(t)
]
= p(t)v˜′(t) + p(t)̟(t)v˜(t),
for all curve v˜ : [a, b]→ Rn of class C1. Here Ddt is the covariant derivative
along γ. From an abstract viewpoint, ̟ is the pull-back by p : [a, b] →
FR(TM) of the connection form of the GL(n,R)-principal fiber bundle of
all frames of TM .
The functions g˜ and ̟ are related by the following equality:
(2.7) g˜′ = g˜̟ +̟∗g˜.
Note that if the trivialization (2.5) is orthogonal, then g˜ is constant, and if (2.5) is
parallel, then ̟ = 0.
Given a smooth curve v˜ : [a, b] → Rn, the corresponding vector field v along γ
defined by v(t) = p(t)v˜(t) is Jacobi if and only if v˜ satisfies the second order linear
equation:
(2.8) ddt
[
v˜′ +̟v˜
]
+̟v˜′ +̟2v˜ + R˜v˜ = 0.
Setting
(2.9) α = g˜
[
v˜′ +̟v˜
]
: [a, b]→ Rn∗
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Eq. (2.8) can be rewritten as the system:(
v˜
α
)′
=
(
−̟ g˜−1
−g˜R˜ g˜′g˜−1 − g˜̟g˜−1
)(
v˜
α
)
,
and using (2.7) this is the symplectic system:
(2.10)
(
v˜
α
)′
=
(
−̟ g˜−1
−g˜R˜ ̟∗
)(
v˜
α
)
.
Proposition 2.2. The Maslov index of the symplectic system (2.10) does not de-
pend on the choice of the trivialization p in (2.5).
Proof. Assume that two trivializations p(t) : Rn → Tγ(t)M and q(t) : R
n → Tγ(t)M
are given, and denote by:
(2.11)
(
v˜
α
)′
=
(
−̟ g˜−1
−g˜R˜ ̟∗
)(
v˜
α
)
,
(
w˜
β
)′
=
(
−τ h˜−1
−h˜S˜ τ∗
)(
w˜
β
)
the corresponding symplectic systems. Denote byK(t) : Rn → Rn the isomorphism
K(t) = q(t)−1p(t); then, one computes easily:
g˜t=K(t)
∗h˜tK(t),
̟(t)=K(t)−1K ′(t) +K(t)−1τ(t)K(t),
R˜(t)=K(t)−1S˜(t)K(t).
for all t. Then it is easy to see that the symplectic systems in (2.11) are isomorphic
(with Z = K−1 and W ≡ 0), and they have the same Maslov index. 
A totally analogous statement holds for the Maslov index of a geodesic relatively
to an initial orthogonal submanifold P .
3. Semi-Riemannian submersions and lifts
3.1. Semi-Riemannian submersions. Let M and B be differential manifolds
having dimensions n and m respectively. A submersion is a C∞ mapping π :M →
B such that π is of maximal rank. The implicit function theorem implies that
π−1(x) is a closed submanifold of M for each x ∈ B, that we call a fiber of the
submersion. When M and B are semi-Riemannian manifolds it is convenient to
consider a special class of submersions, where one can relate in a good way the
geometry of M with the geometry of the fibers and of B. In particular, we assume
that the fibers are non-degenerate submanifolds, so that for every point p ∈M one
has a decomposition of the tangent space TpM as an orthogonal direct sum:
(3.1) TpM = VTpM +HTpM.
Here VTpM denotes the subspace of vectors tangent to the fiber through p and
HTpM the orthogonal vectors to VTpM . These subspaces are respectively called
vertical and horizontal subspaces, and we will denote by V and H the projections
to the vertical and horizontal subspaces; V and H are smooth sections of the vector
bundle Lin(TM) of endomorphisms of TM .
8 E. CAPONIO, M. A. JAVALOYES, AND P. PICCIONE
Definition 3.1. Let M and B be semi-Riemannian manifolds, with metric tensors
g and h respectively. A semi-Riemannian submersion is a submersion π : M → B
such that1 for every p ∈M (see [17, p. 212])
(S1) the fiber π−1(x) is non degenerate (x = π(p))
(S2) the differential map dπ restricted to the horizontal subspace
dπp : HTpM → TxB
is an isometry.
There are very many situations where one has a natural semi-Riemannian sub-
mersion structure in a geometrical problem; we will be interested in the following
two examples.
Example 3.2 (Stationary spacetimes). Let (M, g) be a Lorentzian manifold, that
is, a semi-Riemannian metric g of index 1. We say that M is stationary when
there exists a timelike Killing field Y , i.e., a vector field Y , with g(Y, Y ) < 0 and
LY g = 0, where LY is the Lie derivative with respect to Y . The vector field Y gives
a timelike orientation to (M, g), so that it becomes a spacetime. We will consider
the class of standard stationary spacetimes, that is, those that can be written as
(S ×R, g) with
g
(
(ξ, τ), (ξ, τ)
)
= g0(ξ, ξ) + 2τg0(δ, ξ)− βτ
2,
where ξ ∈ TS, τ ∈ R, g0 is a Riemannian metric in S and β and δ are respectively
a positive function and a vector field in S. In this case, the timelike vector field Y is
∂t (where t is the variable of R). If the stationary spacetime does not have too bad
causal properties (more precisely, if it is distinguishing) and the timelike Killing field
is complete, then it admits a standard splitting (see [12]). We always can associate a
semi-Riemannian submersion to a standard stationary spacetime (S×R, g). Indeed,
the projection π : (S ×R, g)→ (S, g˜) is a semi-Riemannian submersion, where g˜ is
the Riemannian metric defined by g˜(ξ, ξ) = g0(ξ, ξ) +
1
β
g0(ξ, δ)
2 for every ξ ∈ TS.
Example 3.3 (Kaluza-Klein spacetimes). Let π : M → B be a smooth principal
G-bundle, h a Lorentzian metric on B, g¯ a G-invariant Riemannian metric on the
model space of the fibers, then by using a connection on M , a Kaluza-Klein metric
g on M is given by
g(X,X) = h(dπ(X), dπ(X)) + g¯(V, V ),
where V is the vertical component ofX (see [2]). The projection π : (M, g)→ (B, h)
is a Lorentzian submersion.
Remark 3.4. It is well known (see [8]) that if (M, g) is a connected complete Rie-
mannian manifold and π : (M, g)→ (B, h) is a smooth surjective Riemannian sub-
mersion, such that all the fibers are totally geodesic submanifolds, then all the fibers
are isometric and π is a smooth G-bundle with structure group G, the Lie group
of the isometries of the fiber. That result has been used to study “Riemannian”
Kaluza-Klein theory taking a submersion as starting point (see [9, §4] and also [2,
p.152-153]). It would be interesting to get a similar geometric characterization of a
1Observe that, in fact, (S2) implies (S1); namely, if dpi is an isometry, then the horizontal
subspaces HTpM are non-degenerate, and this implies that also the vertical subspaces, which are
their orthogonal, are non-degenerate. However, keeping in mind the non-degeneracy of the fibers
is important, and it is useful to maintain (S1) in the definition of semi-Riemannian submersions.
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Kaluza-Klein spacetime (i.e. when π : (M, g) → (B, h) is a Lorentzian submersion
as in Example 3.3). Clearly if any curve in B can be lifted to a globally defined
horizontal curve, then π is a fiber bundle and one can repeat the proof in [8] to get
that π is actually a smooth G-bundle.
Proposition 3.5. Let (M, g) and (B, h) be two connected semi-Riemannian man-
ifolds and let π : (M, g)→ (B, h) be a smooth surjective semi-Riemannian submer-
sion such that, for any x ∈ B, π−1(x) is totally geodesic. Assume that either one
of the following two assumptions is satisfied:
(1) (M, g) is geodesically complete,
(2) the fibers π−1(x) are compact and connected, for each x ∈ B.
Then π is a smooth G-bundle.
Proof. As commented in the above remark, the only conditions necessary to repeat
the Riemannian proof of Hermann [8] in the semi-Riemannian context is the global
definition of horizontal liftings. Assuming condition (1) in the proposition, this can
be shown by approximating a given curve β in B by piecewise geodesics that, by
the geodesic completeness, can be lifted to M . The sequence of lifts converges, up
to consider a subsequence, to the horizontal lift of β. When assuming condition
(2), we can use a result by Ehresmann [5, p.31] to show the existence of horizontal
global lifts. To show that the fibers are isometric, for any vertical curve α we can
consider a variation (−ǫ, ǫ) ∋ s 7→ αs defined by a horizontal variational vector
field. Analogously to the proof of [8, Proposition 3.3] we can see that the energy
of the curves αs in the variation is constant and as a consequence the fibers are
isometric. 
3.2. Fundamental tensors of a submersion. In [15], B. O’Neill introduced the
fundamental tensors T and A associated to a semi-Riemannian submersion π :
M → B, defined as follows. We denote by ∇ the Levi-Civita connection of M and
∇∗ the Levi-Civita connection of B. Then for vectors fields E and F in X(M),
(3.2) TE(F ) = H∇VE(VF ) + V∇VE(HF ).
The other tensor can be thought as a dual tensor of T . In fact, it can be obtained
by reversing the role of V and H. Explicitly,
(3.3) AE(F ) = H∇HE(VF ) + V∇HE(HF ).
The main properties of the fundamental tensors are the following:
(1) TE and AE are skew-symmetric operators on TpM for every p ∈M ,
(2) T is symmetric for vertical vector fields V and W , i.e., TV (W ) = TW (V )
and A is alternating for horizontal vector fields X and Y , i.e., AX(Y ) =
−AY (X),
(3) when restricted to vertical vector fields T coincides with the second funda-
mental form of the fibers, while A coincides with the integrability tensor
of the horizontal distribution of M when restricted to pairs of horizontal
vectors.
3.3. The tangent space to a non-degenerate distribution. Let us recall a
few generalities on distributions. For v ∈ TM , consider the decomposition of
Tv(TM) = Horv ⊕ Verv into the horizontal and vertical subspaces determined by
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the Levi–Civita connection of g.2 Assume that D ⊂ TM is any non-degenerate
distribution (i.e., g|D×D is non-degenerate), and denote by S
D : TM ×D → D⊥ its
second fundamental form, defined by:
SDx (v, w) = p
⊥
(
∇vW ),
where x ∈ M , v ∈ TxM , w ∈ Dx, W is any extension of w to a local section of D
and p⊥ is the projection onto the orthogonal of D. Let now x0 ∈M and v0 ∈ Dx0
be fixed; we want to determine the tangent space Tv0D, where D is considered
merely as a submanifold of TM . If ]−ε, ε[ ∋ t 7→ v(t) ∈ D is any smooth curve with
v(0) = v0 ∈ Dx0 and x(t) = π
M
(
v(t)
)
is its projection onto M , then the horizontal
and the vertical component of the tangent vector v˙(0) ∈ Tv0(TM) = Horv0 ⊕Verv0
are given respectively by x˙(0) and Ddtv(0), where
D
dt is the covariant derivative along
the curve x. Here, πM : TM →M denotes the canonical projection. By definition,
p⊥
(
D
dtv(0)
)
= SDx0
(
x˙(0), v0
)
.
Lemma 3.6. For v0 ∈ Dx0 , the tangent space Tv0D is given by:
(3.4) Tv0D =
{
(u1, u2) ∈ Horv0 ⊕Verv0 : p
⊥(u2) = S
D
x0
(u1, v0)
}
.
Proof. Denote by Cv0 ⊂ Tv0(TM) the right-hand side of (3.4). We have shown
above the inclusion Tv0D ⊂ Cv0 . Counting dimensions one obtains immediately
Tv0D = Cv0 . 
3.4. Horizontal curves and infinitesimally horizontal vector fields. Let us
now consider the case of a distribution D which is the horizontal distribution of
a semi-Riemannian submersion π : M → B. In this case, the projection operator
p⊥ coincides with the operator V defined in (3.1), and using (3.2) and (3.3) one
obtains easily the following equality:
(3.5) SD(v, w) = Av(w) + Tv(w)
for all v ∈ TM and all w ∈ D.
Given a C1 curve β : [a, b] → B, a horizontal lift of β is a curve γ : [a, c] ⊂
[a, b]→M such that π ◦ γ = β and γ˙(s) is horizontal for all s ∈ [a, c].
Proposition 3.7. Let π :M → B be a semi-Riemannian submersion and let D =
Ker(dπ)⊥ be the horizontal distribution of π. Given any C1-curve β : [a, b] → B
and any p ∈ π−1
(
β(a)
)
, there exists a unique maximal horizontal lift γ : [a, c[→M
of β, with c ≤ b, satisfying γ(a) = p. Such γ has the same regularity as β.
Proof. Using the local form of a submersion, for the local lifting problem it is not
restrictive to assume that M = U × V is the product of an open subset U ⊂ Rk,
k = n−m and an open subset V ⊂ Rm, such that B = V and π : U×V → V is the
projection onto the second factor. The horizontal distribution of the submersion
is a distribution D on U × V such that, at each point (x, y) ∈ U × V , D(x,y) is a
subspace of Rn which is complementary to Rk ⊕ {0}m, hence it is the graph of a
linear map F (x, y) : Rm → Rk. The map U × V ∋ (x, y) 7→ F (x, y) ∈ Lin(Rm,Rk)
is smooth. Given a curve x : [a, b]→ V , a lifting of x is a curve (x, y) : [a, b]→ U×V
where y satisfies the following ODE:
y′(t) = F
(
x(t), y(t)
)
x′(t).
2Note that this notion of horizontality and verticality of vectors in TTM should not be confused
with the notion of horizontality of vectors in TM associated to the distribution HTpM .
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The thesis follows easily using standard existence and uniqueness results for ODE’s
in Rn. 
Let us study the problem of lifting horizontally a 1-parameter family of curves
by considering the following situation.
Let us assume we are given a C1-map Ψ : [a, b] × ]−ε, ε[ → B and a C1-curve
η : ]−ε, ε[→M such that π ◦ η = Ψ(a, ·). Proposition 3.7 gives us the existence of
a map Γ : A → M defined on an open subset A of R2 that contains the segment
{a}× ]−ε, ε[ such that π
(
Γ(t, s)
)
= Ψ(t, s) for all (t, s) ∈ A, and with the property
that the curve t 7→ Γ(t, s) is of class C1 for all s ∈ ]−ε, ε[. Such map Γ is defined by
the property that for every s ∈ ]−ε, ε[, the map t 7→ Γ(t, s) is a maximal horizontal
lift of the curve t 7→ Ψ(t, s) satisfying Γ(a, s) = η(s). Let us denote by γ the curve
t 7→ Γ(t, 0).
Proposition 3.8. With the notations above, we have:
(a) the map Γ is C1 in A.
If A contains the segment [a, b]× {0}, then:
(b) A contains the rectangle [a, b]× [−δ, δ] for some δ ∈ ]0, ε[;
(c) the variational vector field E = ∂
∂s
∣∣
s=0
Γ(t, s) along γ satisfies the identity:
(3.6) V DdtE = S
D
γ(t)
(
E(t), γ˙(t)
)
= AE(γ˙) + TE(γ˙) = AHE(γ˙) + TVE(γ˙).
Proof. Part (a) follows from standard smooth dependence results on the data for
solutions of ODE’s. Also part (b) is obtained easily from standard continuity results
for ODE’s. For part (c), observe that ∂
∂t
Γ(t, s) ∈ DΓ(t,s), and thus
∂
∂s
∣∣∣
s=0
∂
∂t
Γ(t, s) =
( ∂
∂s
∣∣∣
s=0
Γ,
D
ds
∣∣∣
s=0
∂
∂t
Γ(t, s)
)
=
( ∂
∂s
∣∣∣
s=0
Γ,
D
dt
∂
∂s
∣∣∣
s=0
Γ(t, s)
)
=
(
E, DdtE
)
∈ Tγ˙(t)D.
The conclusion follows now from Lemma 3.6 and formula (3.5). 
3.5. Basic horizontal vector fields. A horizontal vector field is basic when it
is π-related with a vector field on B. The following result can be found in [15,
Lemmas 1 and 3].
Lemma 3.9. Let X and Y be horizontal vector fields and V a vertical vector field.
Then the following identities hold:
(1) ∇VX = H∇VX + TV (X) (if X basic, H∇VX = AX(V )).
(2) ∇XV = AX(V ) + V∇XV .
(3) ∇XY = H∇XY +AX(Y ).
(4) H∇XY is basic and is π-related to ∇
∗
dpi(X)(dπ(Y )). 
Given a submanifold P ⊂ B, the total lift Q = π−1(P) of P by the submersion
π is a submanifold ofM , as it can be proven using the inverse mapping theorem. If
the submersion is semi-Riemannian, the total lift of a non degenerate submanifold
is also non degenerate. Namely, for p ∈ Q, the tangent space TpQ is the sum of
the orthogonal subspaces VTpM and dπ
−1
p
(
TpipP
)
∩ HTpM . They are both non-
degenerate subspaces of TpM , thus TpQ is non-degenerate.
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Remark 3.10. The differential dπ gives an identification of horizontal vectors in
M with tangent vectors to the space B. Such identification will be use implicitly
throughout the paper. We observe that with this identification, horizontal tangent
vectors to Q correspond to tangent vectors to P .
We want to show that there is a relation between the second fundamental form
of P and the second fundamental form of its total lift. In fact, we will consider the
tensor SP : TP × TP⊥ → TP defined as
SPx (v, w) = (∇vW )
t,
where x ∈ P , v ∈ TxP , w ∈ (TxP)
⊥, W is any extension of w to a orthogonal
vector field to P and the superscript t denotes the tangent part to P . Analogously,
we define SQ : TQ× TQ⊥ → TQ.
Proposition 3.11. If V is a vertical vector and X and Z are in H(TQ), then
SQ(V, Z) = TV (Z) +AZ(V )
t,(3.7)
SQ(X,Z) = AX(Z) + S
P (X,Z),(3.8)
where t denotes the tangent part to P for vectors in TB and the tangent part to Q
for vectors in TM .
Proof. By part (1) in Lemma 3.9 we see that
SQ(V, Z) = (H∇V Z)
t + TV (Z).
From this expression we deduce that (H∇V Z)
t is tensorial in V and Z, so we
can assume that Z is basic, and using again part (1) in Lemma 3.9 we obtain
(H∇V Z)
t = AZ(V )
t, which concludes the proof of (3.7). Equation (3.8) follows
directly from (3) and (4) in Lemma 3.9. 
4. Horizontal geodesics
Our aim in this section is to reformulate some of the main results in [16], with
some minor modifications that clarify the role of the derived vector field introduced
in Definition 4.5.
4.1. The derived vector field. Given a vector field E along a curve α in M , we
will denote E∗ its projection by dπ, which is a vector field along the curve π ◦ α.
Moreover, we will use the same notation for a vector in π ◦α and its horizontal lift
in α. It is important to clarify, as we will use the same notation for the covariant
derivative in M and B, that DdtE∗, when identified with a vector field on α, denotes
the horizontal lift of the covariant derivative in B of E∗. Even if the results of [16]
are stated and proved only in the case of Riemannian submersions, most of them
are still valid in the semi-Riemannian context. We will shortly recall in this section
a few basic facts from [16], stated for semi-Riemannian submersions.
It will be useful to introduce the following notation. Given a smooth curve α
in M and a smooth vector field E along α, write E = H + V , with H = HE and
V = VE.
Theorem 4.1. Let π : M → B be a semi-Riemannian submersion, and let E =
H + V be a vector field on a curve α in M . Then
H( DdtE) =
D
dtE∗ +AH(Vα˙) +AHα˙(V ) + TVα˙(V ),
V(DdtE) = AHα˙(H) + TVα˙(H) + V(
D
dtV ).
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Proof. See [16, Theorem 1]. 
Corollary 4.2. Let α be a curve in M with X = Hα˙ and U = Vα˙. Then
H( Ddt α˙) =
D
dt α˙∗ + 2AX(U) + TU (U),
V( Ddt α˙) = TU (X) + V(
D
dtU),
where Ddt α˙∗ is the horizontal lift to α of the acceleration of π ◦ α in B.
Corollary 4.3. The projection of a horizontal geodesic inM is a geodesic in B. 
Theorem 4.4. Let π : M → B be a semi-Riemannian submersion. If γ is a
geodesic of M that is horizontal at some point, then it is always horizontal (hence
π ◦ γ is a geodesic of B).
Proof. See [16, Corollary 2]. 
Definition 4.5. The derived vector field of E = H + V , denoted by D(E), is the
smooth vector field along γ defined by:
D(E) = V
(
D
dtV
)
− TV (γ˙) + 2Aγ˙(H).
Lemma 4.6. Let γ be a horizontal curve in M . Given a vector field P on π ◦ γ
and a vector z ∈ Tγ(t0)M , there exists a unique vector field E on γ such that
(1) E∗ = P ,
(2) D(E) = 0,
(3) E(t0) = z.
Proof. Analogous to Lemma 1 in [16]. 
4.2. Infinitesimally horizontal vector fields. An immediate calculation using
(3.2) and (3.3) shows that equality (3.6) is satisfied if and only if D(E) = 0. Thus,
we have the following:
Proposition 4.7. Let γ be a smooth horizontal curve in M and let E be a smooth
vector field. Then, E is infinitesimally horizontal, i.e., it is the variational vector
field along γ corresponding to a smooth variation of γ by horizontal curves, if and
only if D(E) = 0.
Proof. The proof of Proposition 3.8 and the second equation in Theorem 4.1 show
that equation (3.6), equivalent to D(E) = 0, is precisely the linearization of the
horizontality condition for variations of γ. Thus, if s 7→ γs is a smooth variation of
γ by horizontal curves, then necessarily the variational vector field E = ∂
∂s
∣∣
s=0
γs
satisfies D(E) = 0. Conversely, assume that D(E) = 0, and consider the projection
P = E∗. We can choose a variation of π◦γ in B with variational vector field P , and
by Proposition 3.8 we can lift such variation to a variation of γ in M by horizontal
curves. Moreover, we can prescribe the initial value of the corresponding variational
field P˜ to be equal to the value of E. Thus, by the first part of the proof, P˜ is an
infinitesimally horizontal vector field that projects onto P , and it coincides with E
at the initial instant, therefore, by Lemma 4.6, P˜ = E everywhere. 
We recall briefly the notion of Jacobi fields. Given a geodesic γ in M , a field
E on γ is Jacobi iff satisfies the Jacobi equation D
2
dt2E = R(γ˙, E)γ˙, where R is the
curvature tensor of M . Analogously, given a geodesic x in B, a field F on x is
Jacobi iff satisfies D
2
dt2F = R∗(x˙, F )x˙, where R∗ is the curvature tensor of B.
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Theorem 4.8. Let E be a vector field on a horizontal geodesic γ in M . Then
H
(
D2
dt2E −R(γ˙, E)γ˙
)
= D
2
dt2E∗ −R∗(γ˙, E∗)γ˙ + 2Aγ˙(D),
V
(
D2
dt2E −R(γ˙, E)γ˙
)
= V( DdtD) + TD(γ˙),
where D = D(E) is the derived vector field of E and R and R∗ are the curvature
tensors of M and B, and D
2
dt2E∗−R∗(γ˙, E∗)γ˙ denotes the horizontal lift to γ of the
vector field D
2
dt2E∗ −R∗(x˙, E∗)x˙, along the curve x = π ◦ γ.
Proof. See [16, Theorem 2]. 
Corollary 4.9. A field E on a horizontal geodesic in M with derived vector field
D(E) = 0 is Jacobi if and only if P = E∗ is a Jacobi field of π ◦ γ in B. 
5. Maslov index of horizontal geodesics
We will now relate the Maslov index of a horizontal geodesic in a semi-Rie-
mannian submersion with the Maslov index of its projection on the base of the
submersion. We emphasize that, unlike the standard Riemannian case, establish-
ing a correspondence between Jacobi fields on the horizontal geodesic and on its
projection is not sufficient in order to prove equality of the Maslov indexes. Namely,
the Maslov index does not depend only on the dimension of the space of Jacobi
fields that are zero in the origin and in the conjugate instant.
Throughout this section, we will consider the following setup:
• π : (M, g)→ (B, h) is a semi-Riemannian submersion;
• γ : [a, b]→M is a horizontal geodesic;
• x : [a, b]→ B is the projected geodesic in B: x = π ◦ γ;
• P ⊂ B is a non-degenerate submanifold of B with x(a) ∈ P and x˙(a) ∈
Tx(a)P
⊥;
• SP is the second fundamental form of P at the point x(a) in the direction
x˙(a);
• Q = π−1(P);
• SQ is the second fundamental form of Q at the point γ(a) in the direction
γ˙(a).
5.1. Q-Jacobi fields. Consider the initial (or final) orthogonal submanifold Q for
the geodesic γ. One has the notion of a Q-Jacobi field, that is, a Jacobi field E
along γ such that E(a) ∈ Tγ(a)Q and
(5.1)
(
D
dtE(a)
)t
= SQ(E(a), γ˙(a)).
The Q-Jacobi fields are precisely the variational vector fields corresponding to vari-
ations of γ given by geodesics that start orthogonally to Q (see [17, Chapter 10]).
When a non-null Q-Jacobi field is zero at an instant t0 > a, we say that γ(t0)
is a Q-focal point or that t0 is a Q-focal instant of the geodesic γ. The idea be-
hind the name is that there exists a continuum of geodesics departing orthogonally
from the submanifold Q and focusing at γ(t0), but this holds only up to first order
infinitesimals.
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We will use several families of Jacobi fields, and it will be useful to introduce the
following notation. Let J be the linear space of all Jacobi fields along γ and J∗ be
the linear space of Jacobi fields along x, then we define
J∗(P) =
{
E ∈ J∗ : E is a P-Jacobi field
}
and
Jδ(P) =
{
E ∈ J : D(E) = 0, E∗ ∈ J∗(P)
}
.
In particular, Jδ(x(a)) are the Jacobi fields J along γ that are zero in γ(a) and
D(J) = 0, and J∗(x(a)), the Jacobi fields along x that are zero in x(a).
Lemma 5.1. A vector field E on γ, such that E(a) ∈ Tγ(a)Q, satisfies
(5.2)
(
D
dtE(a)
)t
− SQ(E(a), γ˙(a)) =
(
D
dtE∗(a)
)t
− SP (H(a), γ˙(a)) +D(E)(a),
where H = HE. Moreover, E is a Q-Jacobi field iff E ∈ Jδ(P).
Proof. From (3.7) and (3.8), we get
(5.3) SQ(E(a), γ˙(a)) = TV (γ˙)(a) +Aγ˙(V )
t(a) +AH(γ˙)(a) + S
P(H(a), γ˙(a)),
where V = VE, and from Theorem 4.1 and Definition 4.5, we deduce the equation
(5.4) DdtE =
D
dtE∗ +Aγ˙(V )−Aγ˙(H) + TV (γ˙) +D(E).
Equation (5.2) follows from (5.3) and (5.4) by taking into account that A is alter-
nating for horizontal vectors. For the second part, we observe that (5.2) implies
that condition (5.1) for E to be a Q-Jacobi field is equivalent to
(5.5)
(
D
dtE∗(a)
)t
= SP(H(a), γ˙(a))−D(E)(a).
If E is a Q-Jacobi field, then it is the variational vector field of a variation of γ by
geodesics that are horizontal at least at the origin, but by Theorem 4.4 they have
to be horizontal wherever. Applying Proposition 4.7 we obtain that D(E) = 0,
so that Eq. (5.5) and Corollary 4.9 imply that E∗ is P-Jacobi. For the converse,
observe that using (5.2) and Corollary 4.9 we deduce that every E in Jδ(P) is a
Q-Jacobi field. 
5.2. Q-Maslov index. The Q-Maslov index of a geodesic is an algebraic count of
the Q-focal points obtained as follows. Consider a smooth trivialization
p(t) : Rn
∼=
−→ Tγ(t)M
of the tangent bundle TM along the geodesic γ. Define
(5.6) LQ = {(v, w) ∈ R
n ×Rn∗ : (p(a)[w])t = SQ(p(a)[v], γ˙(a))},
and let [a, b] ∋ t → Φ(t) be the flow of the symplectic system (2.10) consid-
ering the symplectic space V = Rn ⊕ Rn∗ endowed with the symplectic form
ω
(
(v, α), (w, β)
)
= β(v) − α(w). Then, the Q-Maslov index of γ is the Maslov
index of the Lagrangian path t → Φ(t)[LQ] with respect to the Lagrangian L0 =
{0} × Rn∗. As in Section 2.3 it is possible to show that the Q-Maslov index does
not depend on the trivialization p.
As a first step, we will show that there is a correspondence between the non-
degenerate Q-focal and P-focal points of γ an x and the contribution to the Maslov
index.
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Lemma 5.2. Consider the following subspaces of Tγ(t0)M and Tx(t0)B respectively,
Jδ(P)[t0] =
{
J(t0) : J ∈ Jδ(P)
}
and J∗(P)[t0] =
{
J(t0) : J ∈ J∗(P)
}
for every
t0 ∈ (a, b]. Then
(5.7) Jδ(P)[t0] = VTγ(t0)M + J∗(P)[t0].
Proof. Fix J∗ ∈ J∗(P), then by Lemma 4.6 and Corollary 4.9, there exists a Jacobi
field Jv in Jδ(P) such that Jv(t0) = J∗(t0)+ v for every v ∈ VTγ(t0)M . Conversely,
if J ∈ Jδ(P), then J∗ ∈ J∗(P) and J(t0) = J∗(t0) + v for some v ∈ VTγ(t0)M . 
Proposition 5.3. Let π : M → B be a semi-Riemannian submersion and γ :
[a, b] → M a horizontal geodesic. Then, an instant t0 is a Q-focal instant of γ if
and only if it is a P-focal instant of the curve x = π ◦ γ. Furthermore, if t0 is
a non-degenerate focal instant of γ, then so it is of x and the contribution to the
Maslov index given by γ(t0) coincides with the one of x(t0).
Proof. We recall that t0 is a P-focal instant of x when J∗(P)[t0]
⊥ is not equal
to {0} and that in such a case, its contribution to the Maslov index coincides
with the signature of h restricted to the subspace J∗(P)[t0]
⊥ (see for instance
[13]). Moreover, by Lemma 5.1, the Q-focal points of γ are just the instants where
Jδ(P)[t0]
⊥ is non trivial, and its contribution, the signature of g restricted to such
a space. Lemma 5.2 implies that J∗(P)[t0]
⊥ is isometric to Jδ(P)[t0]
⊥, so that the
thesis of the proposition follows. 
We proceed now to prove the equality between the Maslov indexes in the general
case.
Theorem 5.4. Let π : (M, g) → (B, h) be a semi-Riemannian submersion, γ :
[a, b]→M a horizontal geodesic and P a submanifold of B through x(a) orthogonal
to x. Then, the Q-Maslov index of γ coincides with the P-Maslov index of the
geodesic x.
Proof. Consider an orthonormal frame
p(t) = {E1(t), . . . , Em(t), F 1(t), . . . , Fn−m(t)}
along γ such that E1(t), . . . , Em(t) are horizontal and F 1(t), . . . , Fn−m(t) are ver-
tical for every t ∈ [a, b]. Clearly, p∗(t) = {E
1
∗(t), . . . , E
m
∗ (t)} is an orthonormal
frame along x. Define V = {0} × Rn−m ⊂ Rn, H = Rm × {0} ⊂ Rn. We recall
that J is Q-Jacobi iff D(J) = 0 and J∗ ∈ J∗(P) (see Lemma 5.1). Now define the
Lagrangian path
ℓ(t) =
{(
p(t)−1(J(t)), p(t)∗gγ(t)[
D
dtJ(t)]
)
∈ Rn ×Rn∗ : J ∈ Jδ(P)
}
.
for t ∈ [a, b]. TheQ-Maslov index of γ is equal to µL0(ℓ) (see (2.6), (2.8), (2.9), (5.6)
and Lemma 5.1). In the following, we will make an abuse of notation omitting p(t)
and p∗(t) to avoid cluster. Using that D(J) = 0, (5.4) and Lemma 5.2 we deduce
that
ℓ(t) =
{
(J∗(t) + V, gγ(t)
[
D
dtJ∗(t)−Aγ˙(J∗(t))
+Aγ˙(V ) + TV (γ˙)]) ∈ R
n ×Rn∗ : J∗ ∈ J∗(P);V ∈ V
}
.
On the other hand, let us define
ℓ∗(t) =
{
(J∗(t), hx(t)
[
D
dtJ∗(t)
]
) ∈ Rm ×Rm∗ : J∗ ∈ J∗(P)
}
,
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(here we also omit p∗(t) and p∗(t)
∗). The P-Maslov index of x is equal to the Maslov
index of the Lagrangian path t → ℓ∗(t) relatively to the Lagrangian {0} × R
m∗.
Now define the map ϕt : (R
n ×Rn∗, ω)→ (Rn ×Rn∗, ω) by
ϕt(H1 + V1, H2 + V2) = (H1 + V1, H2 + V2
+ gγ(t)
[
TV1(γ˙(t)) +Aγ˙(t)(V1))−Aγ˙(t)(H1)
]
),
where H1 ∈ H, H2 ∈ H
∗, V1 ∈ V and V2 ∈ V
∗. It is easy to prove, using the
symmetry properties of T and A (see Section 3), that ϕt is a symplectomorphism
for every t ∈ [a, b], and that it is continuous in t. Moreover, if ℓ˜(t) = ℓ∗(t)+V×{0},
then ϕt(ℓ˜(t)) = ℓ(t) and ϕt(L0) = L0, so that applying Lemma 2.1 we obtain that
µL0(ℓ) = µL0(ℓ˜). As (R
n ×Rn∗, ω) = (H ×H∗, ω1) ⊕ (V × V
∗, ω2), where ω1 and
ω2 are the restrictions of ω, by the additivity property of the Maslov index, µL0(ℓ˜)
is equal to the Maslov index of the path t → ℓ˜(t) ∩ (H ×H∗) = ℓ∗(t) relatively to
the Lagrangian L0 ∩ (H×H
∗) = {0}×H∗, which equals the P-Maslov index of x,
and the Maslov index of
t −→ ℓ˜(t) ∩ (V × V∗) = V × {0}
relatively to L0 ∩ (V ×V
∗) = {0}×V∗, which is zero. This concludes the proof. 
5.3. Index form. Let us now relate the index form of the horizontal geodesic with
the index form of the projected geodesic in the base manifold. We recall that the
index form I{γ,Q} is the symmetric bilinear form on the space of vector fields along
the geodesic obtained as the second variation of the energy functional restricted to
curves departing from Q and arriving to a fixed point γ(b) ∈ M . It is defined for
vector fields along γ of Sobolev class H1 that are tangent to Q in a and zero in b
and it is given by
I{γ,Q}(E,F ) =
∫ b
a
[
g( DdtE,
D
dtF ) + g(R(γ˙, E)γ˙, F )
]
dt− g(SQ(E(a), γ˙(a)), F (a)).
Moreover, when the vector fields are of class C2, one can use partial integration to
obtain the following expression for the index form:
I{γ,Q}(E,F ) =
∫ b
a
[
g(− D
2
dt2E +R(γ˙, E)γ˙, F )] dt
+ g( DdtE(a), F (a))− g(S
Q(E(a), γ˙(a)), F (a)).
Theorem 5.5. Let γ : [a, b]→M be a horizontal geodesic and P a non-degenerate
submanifold through x(a) orthogonal to x. Then
I{γ,Q)}(E,F ) = I{x,P}(E∗, F∗) +
∫ b
a
g(D(E), D(F ))dt
Proof. From (5.2) we get
g(DdtE(a), F (a)) − g(S
Q(E(a), γ˙(a)), F (a))
= g(D(E)(a), F (a)) + g( DdtE∗(a), F∗(a))− g(S
P (E(a), γ˙(a)), F (a)),
for any vector field F along γ such that F (a) ∈ Tγ(a)Q. Having in mind this
equation the proof follows the same lines of the proof of [16, Theorem 3]. 
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The relation between the index forms will be especially interesting in the case
when M and B are Lorentzian manifolds, that is, manifolds endowed with a semi-
Riemannian metric of index 1, and when γ is a horizontal causal geodesic (that is
g(γ˙, γ˙) ≤ 0), because in that case we can use the Lorentzian Morse index theorem
(see [19, Theorem II.5] and also [1, Theorems 10.27 and 10.77]). We define ω(γ) =
dim{J ∈ J : J(a) = J(b) = 0} and ωδ(γ) = dim{J ∈ Jδ(x(a)) : J(a) = J(b) = 0}
and ωn(γ) = ω(γ) − ωδ(γ). Moreover, i(γ) (resp. i(x)) denotes the index of the
index form restricted to the orthogonal vector fields to γ (resp. to x) vanishing in
a and b if γ is timelike (i.e. g(γ˙, γ˙) < 0) and to the orthogonal vector fields to γ
modulo vector fields collinear to γ˙ if γ is lightlike (i.e. g(γ˙, γ˙) = 0).
Theorem 5.6. Let π : M → B be a Lorentzian submersion and let γ : [a, b]→ M
be a causal horizontal geodesic segment. Then
(5.8) i(x) ≥ i(γ) + ωn(γ).
Proof. Totally analogous to proof of [16, Theorem 5]. 
Remark 5.7. We observe that by Theorem 5.4 and the equality between the Maslov
index of x and i(x) (cf. [21]), the index i(x) coincides with the V(a)-Maslov index
iV(a)(γ), where V(a) = π
−1(x(a)). We have i(x) = iV(a)(γ) ≥ i(γ), because the
index form for conjugate points coincides with the restriction of the index form
for focal points to vector fields vanishing in a and b. Then, from the Lorentzian
index theorem, focal points along γ occur before than conjugate points along x.
In the case of Lorentzian submersions the situation is more rigid. If there exists a
conjugate instant t0 of γ that is not V(a)-focal, then (5.8) implies that the total
number of V(a)-focal instants in ]a, t0[ is strictly bigger than the total number of
conjugate points along γ in ]a, t0[. We observe that, unlike the Riemannian or
the causal Lorentzian case, there is in general no obvious relation between the
distribution of conjugate and focal instants along a semi-Riemannian geodesic (see
for instance [11]).
5.4. Applications. Recalling Example 3.2, Proposition 5.3 and Theorem 5.4 give
us the following information on spacelike geodesics in stationary spacetimes:
Proposition 5.8. Let (S × R, g) be a standard stationary spacetime, γ = (x, t) :
[a, b] → S ×R a geodesic orthogonal to the flow lines of the Killing field ∂t and L
the vertical line through x(a). Then
(a) the L-focal instants of γ in (S ×R, g) coincide with the conjugate instants
of x in (S, g˜) and they give the same contribution to the Maslov index (in
particular the number of L-focal instant of γ is finite);
(b) the L-focal instants of γ are isolated and their contribution to the Maslov
index is positive, so that they are always bifurcation points (see [18]).
Remark 5.9. We observe that the L-focal points of γ are in particular pseudo focal
points as defined in [10].
From Example 3.3, Proposition 5.3 and Theorems 5.4 and 5.6 we obtain the
following results for Kaluza-Klein spacetimes.
Proposition 5.10. Let (M, g) be a Kaluza-Klein spacetime, as in Example 3.3.
Consider a geodesic x : [a, b] → B in (B, h) and let γ be a horizontal lift of x in
(M, g). If L is the fiber through x(a), then
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(a) the L-focal instants of γ in (M, g) coincide with the conjugate instants of
x in (B, h) and they give the same contribution to the Maslov index.
(b) if γ is causal, then at least one L-focal point occurs before than a conju-
gate point of γ. In particular, from (5.8), conjugate points in γ determine
conjugate points in x.
We recall that if the contribution to the Maslov index of a focal instant is non null
and the instant is isolated and non-degenerate, then it generates bifurcation (see
[18]). As a consequence of Proposition 5.3 and Theorem 5.4 we get the following.
Proposition 5.11. Let π : M → B be a semi-Riemannian submersion with B
Riemannian or Lorentzian. If γ is a horizontal geodesic such that the projection x
is Riemannian or causal, the Q-focal points always generate bifurcation.
On the other hand, focal points are always isolated in an analytic manifold. As
a consequence:
Proposition 5.12. Let π : M → B be a semi-Riemannian submersion with B
analytic. Then a horizontal geodesic γ : [a, b] → M admits just a finite number of
Q-focal points.
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